The authors propose a robust output feedback control for unknown non-linear systems with external disturbance. The main contribution of this study is that the proposed method guarantees the global uniform ultimate boundedness of the output tracking error using only output feedback for unknown non-linear systems with external disturbance. The key idea of the proposed method is that the plant non-linearities and external disturbance, and their derivatives are lumped into augmented state variables. The robust high order augmented observer (RHOAOB) is developed to estimate the lumped augmented state variables and full state. The benefit to using the RHOAOB is that the estimation error can be reduced without increasing the bandwidth of the RHOAOB. The backstepping controller is designed to guarantee the global uniform ultimate boundedness of the output tracking error occurred by the disturbance estimation error. To the best of the authors' knowledge, it might be the first attempt of the analysis of the estimation and output tracking performance of the RHOAOBbased controller with the measurement noise in both time and frequency domains. The analysis shows that very small estimation error is not necessarily required to obtain the precise output tracking using an input-to-state stability property. This merit results in avoiding the amplification of the measurement noise.
Introduction
For the past several decades, a robust control design for systems affected by disturbances (model uncertainties and/or immeasurable external disturbances) has been a major issue in control engineering. The disturbance observer (DOB) was developed to estimate disturbance using approaches based on the inversion of transfer functions in the frequency domain for linear systems [1] [2] [3] . In a DOB design, using a Q-filter for plant inversion resulted in degradation of the transient response. Recently, various approaches to DOB design were studied in the time domain [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Interpretations and designs of a Q-filter were studied in the state space [4, 5] . Proportional and proportional-integral DOB methods were developed to estimate disturbance using full state or partial state feedback [6, 7, 11] . High order DOB design was generalised to estimate higher order disturbances in time series expansion [8] . In [9, 10] , DOB-based control methods were proposed for a linear systems. Backstepping controllers with DOBs were developed for non-linear systems [12, 13] . The limitation of previous DOBs is that they estimate only disturbance using full state or output feedback with Q-filter. Another approaches to estimate the external disturbance and plant uncertainties were developed based on adaptive algorithms [14] [15] [16] [17] . These methods require the Lipschitz condition and/or full state feedback. Recently, an output-based DOB was designed to estimate only disturbance for a discretetime linear system [18] . For the advanced control techniques, full state as well as disturbance should be estimated. Furthermore, the observer design for the non-linear systems generally requires Lipschitz condition [19] .
To estimate both full state and disturbance using only output feedback, the augmented observer (AOB) was proposed [20] [21] [22] [23] [24] [25] [26] . In most of the researches, the disturbance term including the external disturbance and/or model uncertainties is regarded as the augmented state. Therefore, AOBs were developed to estimate the external disturbances and/or model uncertainties as well as full state. Previous methods were effective in estimating the full state and the disturbances, however, the methods were developed under the assumption that the disturbance terms are constant or that the derivative of the disturbance can be neglected. Actually if the disturbance includes parameter uncertainties and/or model uncertainties as well as external disturbance, those assumptions may not be reasonable. Generally, an accurate disturbance estimation is required to obtain the precise output tracking, thus the observer with high gain has been widely used. However, high gain in the observer may result in amplifying high frequency measurement noise [8] . Furthermore, no formal study has provided a detailed analysis in both time and frequency domains for a case where the rth rate derivative of the disturbance is bounded.
In this paper, we propose a robust output feedback control for unknown non-linear systems with external disturbance. The main contribution of this paper is that the proposed method guarantees the semi-global uniform ultimate boundedness of the output tracking error using only output feedback for unknown non-linear systems with external disturbance. The key idea of the proposed method is that the plant non-linearities and external disturbance, and their derivatives are lumped into augmented state variables to design the non-linear observer in the lack of global Lipschitz conditions. The robust high order AOB (RHOAOB) is developed to estimate the lumped augmented state variables and full state. The RHOAOB structure can be easily expanded to include as many higher order terms as required. The benefit to using the RHOAOB is that the estimation error can be reduced without increasing the bandwidth of the RHOAOB. Thus the use of the RHOAOB results in increased freedom of observer design. It is shown that the RHOAOB has the better estimation performance compared to the conventional first-order AOB. The backstepping controller is designed to guarantee the semi-global uniform ultimate boundedness of the output tracking error. The performance of the closed-loop system is studied in both time and frequency domains. To the best of our knowledge, it might be the first attempt of the analysis of the estimation and output tracking performance of the RHOAOB-based controller with the measurement noise in both time and frequency domains. The analysis shows that very small estimation error is not necessarily required to obtain the precise output tracking using input-to-state stability (ISS) property. This merit results in avoiding the amplification of the measurement noise. The proposed method is simple and requires only output feedback and system dimension without any information of the system. The performance of the proposed method was studied via simulations.
2
Problem formulation and motivation: review of the DOB for a non-linear system
Problem formulation
The class of systems to be studied in this paper work is in the normal form such asẋ 1 = x 2 . . .
where y is the output, u is the input, x = x 1 · · · x n T ∈ R n is the state and f (x) is the unknown non-linear function. The signal d ext represents an unknown external disturbance. A large class of systems can be transformed to the normal form [27, 28] . In practice, it is difficult to exactly know f (x). Furthermore, various external disturbances cannot have zero rth rate of change, i.e.
For example, sinusoidal disturbance has a non-zero rth rate of change. From now on, since f (x) is unknown, we newly define d as
Recently, a proportional-integral-derivative-based controller was developed by using the disturbance's definition (3) for the unknown mathematical model [26] . This idea in (3) is that the plant non-linearities and external disturbance, and their derivatives are lumped into augmented state variables to design the non-linear observer in the lack of global Lipschitz conditions. With (3), the system dynamics (1) is changed intȯ
. .
In this paper, we will deal with the case that only the output is measurable. Our aim is that the output x 1 tracks the desired output x d 1 using the output feedback under the unknown external disturbance and unknown non-linear function.
Motivation: review of the DOB for a non-linear system
For readability of the manuscript, we review the DOB in [8] that estimates higher order disturbances in the time series expansion. The DOB to estimate a disturbance with boundedḋ ext was designed byd
where r 0 > 0. This DOB (5) 
Using (7) resulted iñ
where r 0 > 0 and r 1 > 0. When the disturbance is higher order in time-series expansion, the higher order DOB guarantees the exponential convergence ofd ext to zero. Although the higher order DOB proposed in [8] improved the estimation performance of the disturbance, the DOB requires full state to estimate only disturbance.
In this paper, we will design the AOB-based method to estimate full state and disturbance using only output feedback.
Backstepping controller
In this section, the backsteping controller will be designed for output tracking. For analysis, we assume that full state x is available and the estimated disturbanced is bounded.
Backstepping controller design for the output tracking
The tracking error e = e 1 e 2 · · · e n T ∈ R n is defined as
where
] is yet to be defined. The output tracking controller is designed via backstepping procedure as
R 1×n is the controller gain matrix. Note that since the disturbance is unknown, the estimated disturbanced will be used instead of the disturbance d in (10) . From (4), (9) and (10), the tracking error dynamics becomesė
= A e e + B ed (11) 
Theorem 1: The tracking error dynamics (11) has ISS property as
Proof: The dynamics of e i , i ∈ [1, n − 1] in (11) can be written aṡ
Now we assume that e i+1 is ultimately bounded at the next step.
Then we obtain the dynamics of e 2 i as d dt
From (14), the following result is derived using Theorem C.2 in [29] as
Equation (15) shows that the relationship between e i and e i+1 has ISS property. The dynamics of e n iṡ e n = −k n e n +d.
In (16), the dynamics of e 2 n is d dt
Then
The overall tracking error system (11) is the serial interconnected system of the ISS system. Thus we conclude that the overall tracking error system (11) has ISS property (12). (11) Remark 1: Fig. 1 shows the block diagram of the tracking error dynamics (11) . We see that the backstepping controller (10) makes the overall tracking error system (11) becomes the serial interconnected system of the ISS systems. From this relationship (12), the output tracking error e 1 can be sufficiently suppressed although |d| is not very small. This means that very small estimation error of the disturbance |d| = |d −d| is not necessarily required to obtain precise output tracking, i.e. a small |e 1 |.
Fig. 1 Block diagram of the tracking error dynamics

Performance analysis of the backstepping controller in frequency domain
In the previous subsection, the performance of the backstepping controller was analysed in the time domain. Now we study the performance of the backstepping controller in the frequency domain.
From (11), we obtain the transfer function H e (s) fromd to e 1 as follows
where E 1 (s) andD(s) are Laplace transforms of e 1 (t) andd(t), respectively. From (19), we see that the high control gain k i , i ∈ [1, n] can suppress the effect of the low frequency terms of d to e 1 . However, changing control gains cannot affect the frequency response of H e (s) in the higher frequency region since the numerator of H e (s) is fixed as 1. In other words, H e (s) 1/s n in the higher frequency region. Thus, the bandwidth of H e (s) should be higher than the main frequency ofd to suppress the effect of high frequency terms ofd to e 1 . However, the high control gain may result in the saturation of the control input. Thus, the control gains should be chosen with consideration of trade-off between both the effect of high frequency terms ofd to e 1 and the input saturation.
Robust high order AOB
In the previous section, we assume that full state x is available and the estimated disturbanced is bounded. Since only output x 1 is available, the estimation of the full state and the disturbance is required. The AOB can be easily applied to estimate the full state and the disturbance if the rate of change of uncertainty is negligible. Unfortunately, since the effect of the non-linear function and external disturbance is lumped into a single disturbance d, the rate of change of d cannot be zero nor negligible. Without loss of generality, we adopt the high-order disturbance assumption [30, 31] that the disturbance d(t) can be approximated as
where a i , (i = 0, 1, . . . , r − 1) are constant but unknown. Clearly, the rth derivative of this disturbance is zero, i.e. d (r) = 0. However, the disturbance d may be infinitely differentiable so that it is not actually possible that d (r) = 0. For practical case, we propose the following assumptions.
Assumption 1:
The rth rate of change of the disturbance is bounded, i.e. d (r) = δ is bounded.
In most systems (motors, hydraulic actuators, vehicles, storage system etc.), all state variables are physically bounded [23, 32] . Thus Assumption 1 is reasonable. Thus, a positive constant δ max exists such that |d (r) | = |δ| ≤ δ max . Now we will generalise the RHOAOB to estimate the full state and the disturbance. We define new state variable x n+i , i ∈ [1, r] as
. . .
The augmented state x a ∈ R n+r is defined as
Then the system (3) with (22) becomeṡ
As aforementioned commented, the disturbance d may be infinitely differentiable so that it is not actually possible that d (r) = 0. Therefore, it is of interest to know how we choose r for the better estimation performance. It will be also studied in the following subsection.
RHOAOB design
The estimated statex ∈ R n and the estimated augmented statex a ∈ R n+r are defined asx
For the estimations of the full state and the disturbance, we design the RHOAOB asẋ
is the observer gain matrix. The augmented estimation errorx a ∈ R n+r is defined as
Then, we obtain the dynamics ofx a aṡ
Theorem 2: Consider the dynamics ofx a (27 
The derivative of V o with respect to time iṡ
Thusx a exponentially converges to the bounded ball B o . Moreover, x a is semi-globally uniformly ultimately bounded.
Performance analysis of the RHOAOB in frequency domain
In the previous subsection, the performance of the RHOAOB was analysed in the time domain. Now we study the performance of the RHOAOB in the frequency domain to choose the observer gain.
From (27), we obtain the transfer function H (s) from d tod as follows
where D(s) andD(s) are Laplace transforms of d(t) andd(t), respectively. The transfer function H (s) is in the form of high-pass filter. The cutoff frequency of H (s) should be higher than the frequency of the main component in the disturbance. In (30), we see that the estimation performance depends on not only bandwidth but also order of RHOAOB. Therefore, the improved estimation performance can be obtained as a higher order or wider bandwidth of the RHOAOB used. However, in actual applications, the measurement noise may cause the difficulties when using a higher order or wider bandwidth of RHOAOB. Let us denote the measured output x 1 m as
where m is the measurement noise. With the noisy measurement, the transfer function H m (s) from m tod is obtained by
where M (s) is a Laplace transform of m(t). From (32), not only higher order but also wider bandwidth of RHOAOB may result in the amplification of the measurement noise.
Remark 2:
From (30) and (32), the order and the bandwidth of RHOAOB should be chosen with consideration of trade-off between both estimation performance and amplification of the measurement noise.
Stability analysis of closed-loop system
Since the estimated statex is used instead of the state x, the output feedback controller using RHOAOB (25) is designed as
. Note that estimation state variables except for x 1 , i.e.x i , i ∈ [2, n] are used in (33) since we can use x 1 . We obtain the tracking error dynamics aṡ e = A e e + B e (x n+1 +û − u).
The state in the closed-loop system, x cl ∈ R 2n+r is defined as
From (27) and (34), we obtain the closed-loop system dynamics as followsẋ
In u (10) andû (33) 
Theorem 3: Consider the closed-loop system dynamics (36). Under Assumption 1, suppose that the control gain matrix K and observer gain matrix L are chosen such that A cl is Hurwitz. If the control gain matrix K and observer gain matrix L are chosen such that
where A T cl P cl + P cl A cl = −I , then x cl exponentially enters the bounded ball B cl = x cl ∈ R 2n+r | x cl 2 ≤ 2δ max P cl 2 1−2γ λ max (P cl ) . Thus, x cl is semi-globally uniformly ultimately bounded.
Proof: We define the Lyapunov function V cl as
Then we obtainV cl as followṡ
Thus If γ < 1/(2λ max (P cl )), then x cl exponentially converges to the bounded ball B cl . We conclude that x cl is semi-globally uniformly ultimately bounded.
Now we study the ISS property of the tracking error dynamics (34).
Theorem 4:
The tracking error dynamics (34) has ISS property as
Proof: Sinceû (33) is used instead of u (10) in the nth subsystem of the system e, we study the behaviour of the nth subsystem owing to the cascade nature of the backstepping design. In (34), the dynamics of e n iṡ
Equation (17) is also changed into
Remark 3:
In (41), we see that the overall tracking error system (34) is also the serial interconnected system of the ISS system. From (41), |e 1 | can be sufficiently suppressed although x a 2 is not very small. This means that very small x a 2 is not required to obtain the precise output tracking, i.e. the small |e 1 |.
Now we study the effect of the estimation error to the output tracking error e 1 in the frequency domain. From (34), we obtain the transfer function H e (s) fromd to e 1 as follows
where (s) is Laplace transform of ξ(t) =x n+1 +û − u.
Remark 4:
From (46), we see that the high control gain k i , i ∈ [1, n] can suppress the effect of the low frequency terms of ξ to e 1 . Note that H cl (s) 1/s n in the higher frequency region. The term ξ includes the effect of the high frequency measurement noise m. This means that if the bandwidth of H cl (s) is not much higher than the frequency of m, the effect of m to e 1 cannot be suppressed. However, the much higher control gain may easily result in the saturation of the control input so that the much higher control gain cannot be actually chosen. Thus, m should be dealt with in the observer gain selection before the control gains are chosen as commented in Remark 2. Note that very small estimation error is not necessarily required to obtain precise output tracking using ISS property as commented in Remark 3. This merits results in avoiding the amplification of the measurement noise.
Simulations with performance analysis
The simulations were tested to analyse the performance of the proposed method. In these simulations, we used the system aṡ
where d ext = 10 sin(2πt). For the reference, we used
The output tracking controller was designed as
, the frequency of d was higher than 1 Hz at least.
Output tracking performance analysis of the proposed method
In this subsection, we will discuss the performance of the HOAOBbased controller according to the observer gains. To evaluate the performance of the RHOAOB, third-order RHOAOB was designed asẋ
The effect of the high order will be discussed in the following subsection. In these simulations, the non-zero initial state x(0) = [2, 2] T was used to study the effect of the observer gain. The initial estimated statex a (0) = [0, 0, 0, 0, 0] T was zero. Thus the initial estimation errorx a (0) = [2, 2, 0, 0, 0] T was non-zero. In this subsection, the control gains k 1 = 40, k 2 = 40 were used. Two cases simulations were performed as follows higher observer gain resulted in the larger overshoot in the estimation of the disturbance due to the non-zero initial state x(0). Thus, the relatively larger overshoot also occurred in e 1 compared to Case 1.A. As the estimation error of the disturbance was reduced, the estimation errors of the state and the tracking error were reduced.
Remark 5:
As the eigenvalues are far from the jω axis, the proposed method results in fast convergence of the state to the bounded ball, and in having the smaller the boundedness of the output tacking error. However, the high gains may cause the large overshoot due to the non-zero initial state. It can be resolved by the saturation function [33] 
Analysis of the effect of the high order in the RHOAOB
In this subsection, we will discuss the effect of the order in the RHOAOB. In this subsection, x(0) = [0, 0] T and k 1 = k 2 = 20 were used. To evaluate the estimation performance of the proposed method, third-order RHOAOB (49) was compared to first-order RHOAOB (50) proposed in [23, 24] and second-order RHOAOB (51) asẋ
The poles of first, second and third RHOAOBs were [8π , 8π , 8π ], [8π, 8π, 8π , 8π ] and [8π, 8π, 8π , 8π, 8π ], respectively. Three cases simulations were performed as follows best estimation performance of Case 2.C resulted in the best output tracking performance among three methods.
Remark 6:
Note that even the low order RHOAOB can be adequately adopted to estimate a generally time-varying disturbance if the bandwidth of the RHOAOB is sufficiently larger than the frequency of the disturbance.
Remark 7:
The benefits to using the RHOAOB are that the estimation error can be reduced without increasing the bandwidth of the RHOAOB. i.e. high observer gain. Therefore, the use of the RHOAOB results in increased freedom of observer design.
Analysis of the effect of the measurement noise
We will discuss the effect of the measurement noise. In these simulations, a measurement noise m that consisted of 0.1 sin(40πt) and white noise was used to make the measured output x 1 m = x 1 + m. Three cases simulations were performed as follows Fig. 6 , by choosing a higher order of the RHOAOB and/or higher observer gain, the noise at the high frequency range can be amplified. Output tracking performances for three cases are shown in Fig. 7 . We see that the measured output x 1 m had the ripple compared to the actual output x 1 . Note that the measured output x 1 m was used for both controller and observer. Simulation results of three cases are shown in Fig. 8 . It is observed that as the order of RHOAOB was increased, the measurement noise was amplified in the estimation of d as shown in Figs. 8a-c. The oscillation of e 1 using Case 3.C was the largest due the measurement noise amplified by the higher order as shown in Figs. 8d and e. However, the oscillations in e 1 were suppressed by the output tracking controller in comparison to the oscillations ind as commented in Remark 3. This was caused by the ISS property (41). Furthermore, since H cl (46) is in the form of the low-pass filter, the oscillations in e 1 were suppressed. The phase lag of disturbance estimation in third-order RHOAOB was the smallest among them. Thus, the mean-value of e 1 in Case 3.C was also the smallest among although the oscillation of e 1 in Case 3.C was the largest. Note that since the actual measurement noise may consist of several higher frequency noises and their harmonics, the higher order of RHOAOB cannot guarantee the better output tracking performance like these simulation results. At the same time, either the observer gain or the order of RHOAOB must be chosen in the trade-off between the estimation performance and the amplification of the measurement noise. 
Conclusion
In this paper, we proposed the robust output feedback control for unknown non-linear systems with external disturbance. The RHOAOB was designed to estimate the full state and the disturbance term that includes the unmeasurable external disturbance and the unknown non-linear systems. The use of the RHOAOB increased the freedom of the observer design. The backstepping controller was designed to guarantee the semi-global uniform ultimate boundedness of the output tracking error occurred by the disturbance estimation error. It was proven that very small estimation error is not necessarily required to obtain the precise output tracking using ISS property. This merit results in avoiding the amplification of the measurement noise. The performance of the RHOAOB-based controller was studied via simulations. A higher order RHOAOB reduced the estimation error for the low frequency components so that the proposed method improved the output tracking performance. However, the order and the bandwidth of RHOAOB should be chosen with consideration to the trade-off between estimation performance and the amplitude of the measurement noise. And the measurement noise should be dealt with in the observer gain selection before the control gains are chosen. 
